The solution of the multiple-scattering problem for N parallel dielectric cylinders is considered for plane-wave illumination perpendicular to the cylinder axes. We describe a nonlinear programming approach to solve the multiple-scattering matrix for an arbitrary planar array of N parallel dielectric cylinders. To our knowledge, no calculations have been made previously for multiple scattering by more than two parallel dielectric cylinders. Numerical results for four abutting cylinders with end-on illumination demonstrate damping of internal resonance features similar to previously published results for two cylinders. Furthermore, we present numerical examples of scattering from eight unequally spaced, parallel dielectric cylinders with broadside illumination. Because of coupling between the cylinders, the incident energy is spread evenly between the intensity peaks behind the array of cylinders.
I. Introduction
In 1881 Lord Rayleigh' provided the solution of Maxwell's equations for the scattering of a normally incident plane wave by a single homogeneous dielectric cylinder of an arbitrary radius and refractive index. Since then, the scattering of a plane wave by clad, unclad, and inhomogeneous dielectric cylinders has been thoroughly investigated. 2 -6 In addition, Presby 7 has shown that light scattered at right angles to the axis of an optical fiber can be used to measure its refractive index and diameter.
The solution of Maxwell's equations for the scattering of a plane wave by several cylinders is much more complex than the solution for a single cylinder. The added complexity is a consequence of the coupling between the cylinders. To solve for the scattered field, a set of equations that simultaneously enforce the boundary conditions at the surfaces of all the cylinders must be formulated. In 1952 Twersky 8 demonstrated that the scattering of a plane wave by an arbitary configuration of parallel cylinders can be expressed as an infinite sum of orders of scattering. The first order of scattering is the scattering from each cylinder owing to only the incident plane wave. The second order results from the scattering by each cylinder of the first order of scattering, and so on. In a later derivation, 9 Twersky demonstrated that the multiple-scattering coefficients can be generated from the corresponding single-scattering coefficients by using an iterative procedure.
In 1970 Olaofe1 0 applied Twersky's iterative method to calculate the extinction and backscattering cross sections of two dielectric cylinders. He also mentioned in his paper that the linear equations involved could be solved by direct matrix inversion. Young and Bertrand 1 considered the scattering of an acoustic plane wave by two parallel, rigid cylinders, and they solved the resulting system of linear equations by using both the iterative procedure and direct matrix inversion. They found good agreement between their theoretical calculations and experimental results. However, no experimental results are available for scattering of light by two parallel dielectric cylinders. The primary difficulty in performing this experiment is establishing and maintaining parallelism between the two fibers while changing the separation between them.1 2 Schlicht et al. ' 2 circumvented this problem to some extent by measuring the light scattered by a glass fiber that is parallel to and at varying distances from a highly reflective silver mirror. They showed that the multiple-scattering effects between a fiber and its mirror image are quite similar to those between two fibers.
In general, the numerical results for scattering by two cylinders presented in the literature are for cylinders that correspond to relatively small values of the size parameter ka, where a is the radius, k = 2,rr/I, and X is the incident wavelength. The overall effect of a dielectric cylinder on an incident plane wave can be deduced from the value of ka. For example, when ka is much less than unity (the Rayleigh limit), the internal fields are uniformly distributed, and the external near field is only slightly modulated about the incident field value by a small scattered field. When ka is much greater than unity (the geometrical optics limit), the fiber can be modeled as a cylindrical thick lens. A line of focus is located behind the lens at a focal length that is dependent on the radius of the lens and the ratio between the index of refraction of the lens and that of the surrounding medium. 13 Benincasa et al. 1 3 made exact calculations of the near-field intensities and verified these results experimentally for a glass fiber with ka = 488.5. For ka between the Rayleigh and geometrical optics limits, complex internal and external fields are prevalent. For ka values in the range 39-51, calculations of the electric-field distributions within and around a dielectric cylinder have been performed.' 4 Sharp internal resonances were observed when the ka value was in resonance with a natural mode of the dielectric cylinder. Such natural modes have been referred to as surface waves, since the internal fields are characterized by large peaks near the fiber surface. The solution of the multiple-scattering problem for two dielectric cylinders with ka in resonance with a natural mode was studied by Tsuei and Barber.' 5 Yousif and Kohler' 6 presented a general solution of the two-cylinder problem that is expressed in terms of Stokes vectors and Mueller matrices.
Returning to the model for the geometrical optics limit, we note that Machida et al.' 7 showed that an optical-fiber sheet composed of a monolayer of abutting glass fibers of 25-1 im-diameter (ka = 124) functions as a high-efficiency diffraction grating, which produces several tens of diffraction orders with uniform intensity. When a coherent plane wave is projected perpendicularly upon the fiber sheet, each fiber focuses its portion of the incident wave to a line just behind the grating. The far-field intensity pattern then consists of a multitude of uniformly spaced and uniform intensity points. Magnusson and Shin' 8 analyzed the diffraction of plane waves by a periodic array of dielectric cylinders based on a complex transmittance approach. They assumed that the output field could be approximated by the product of the complex amplitude of the normally incident plane wave and the fiber grating transmittance function. Consequently, they found that the incident plane wave is diffracted into a spectrum of plane waves.
As described above, a common approach to calculating the field scattered by two parallel cylinders is to express the multiple-scattering linear equations in matrix form and then to solve the matrix expression for the multiple-scattering coefficients by Twersky's iterative method or by direct matrix inversion. However, for cylinders with ka values in resonance with natural modes, the iterative method diverges, and direct matrix inversion must be implemented. 5 In addition, the matrix-inversion approach fails as the matrices become ill-conditioned. The types of multiple-scattering problems for which an ill-conditioned matrix occurs are not well-defined.
The results we present are part of a research effort to develop a new type of diffractive optical bar code. Two possible designs are shown in Figs. 1 and 2. A diffractive optical bar code composed of a number of tranparent bars on an opaque background is shown in Fig. 1 . The spacings between adjacent bars are chosen so that when the bar code is illuminated by a coherent plane wave, the first forward-scattered diffraction order represents a specified binary code. In Fig. 2 an alternate structure that we refer to as a modulated ribbon grating also seems well suited for use as a diffractive optical bar code. It is composed of a number of parallel equal-diameter transparent cylindrical fibers joined by flat sections of opaque or transparent material. For sufficiently large cylindrical fibers, each fiber focuses its portion of the incident wave to a line just behind the modulated ribbon grating. Thus the spacing between fibers is varied in the same manner as the spacing between bars in Fig.  1 . And when illuminated by a plane wave, the resulting forward-scattered diffraction pattern is essentially the same as that observed with the structure in Fig. 1 .
Here we extend Olaofe's multiple-scattering analysis for two cylinders to describe scattering from N identical, parallel, infinitely long circular cylinders. We describe a quadratic-programming approach to solve the associated multiple-scattering matrix expression. We present and compare results generated by a quadratic-programming algorithm for end-on illumination of four cylinders. To our knowledge, these are the first calculations for multiple scattering by more than two parallel dielectric cylinders. For broadside illumination we present numerical examples of scattering from eight unequally spaced parallel dielectric cylinders. Finally, we present calculations of the near-field scattering patterns for an infinite array of abutting cylinders.
II. Mathematical Formulation
Following Olaofe's' 0 derivation, we wish to formulate the multiple-scattering problem forN identical, parallel, infinitely long circular cylinders Cp, with p = 0,..., N -1. Each cylinder has a radius a, a uniform refractive index m, and a center located at the origin Op. with p = 0, . . ., N -1, of N parallel coordinate systems. The separation distance OpOq is denoted by dpq, where dpq 2a, V p q. We also denote by rp, yp, and z the cylindrical polar coordinates with respect to the origin Op, where it is assumed that zp = z, Vp. The polar axes OpZ are the axesofthecylindersCp,withp=O,...,N-1. The plane z = 0 is shown in Fig. 3 .
As described by van de Hulst,' 9 the total field can be expressed as the sum of transverse-magnetic (TM) and transverse-electric (TE) scalar potential functions. For the TM case the incident electric field is linearly polarized parallel to the cylinder axes. For the TE case the incident electric field is linearly polarized normal to the cylinder axes. Furthermore, the TM and TE scalar potential functions for the incident plane wave can be expressed with respect to the r, yo, z coordinate system as Vrc exp (-iot) VO ie = i k exp(ipo cos y), (2) where po = kro, k = 2TFIX is the wave number, o is the angular frequency, and X is the incident wavelength. Using the identity exp(ip cos y) = inJ (p)exp (-iny) n=f-x (3) and assuming that the incident plane wave impinges at an angle f3 with the line of centers COCN_ 1, we can expand the incident wave in the coordinate system of cylinder Cp as
exp(i5p cos 13)
Jn(pp)exp(-inyp).
n =-x
Here Jn(pp) is the Bessel function of order n, p = kdop, and pp = krp. Similarly, the TM and the TE scattered wave potentials can be written in the form where bn and pan are the scattering coefficients to be determined by the boundary conditions. Hn (pp) is the Hankel function of the first kind, which corresponds to an exp(-iot) time variation. Since the first-kind Hankel function is described by (2/rrpp)112 expii[pp -(2n + )'rr/4]J as Pp , the radiation condition at infinity is satisfied.
Inside each cylinder the transmitted waves are
n=- (9) where dn and pCn are the transmission coefficients to be determined by the boundary conditions and m is the refractive index for the cylinder.
To enforce the boundary conditions that u and &u/8r be continuous across the boundaries rp = a, with p = 0, . . , N -1, the scattered field from the qth cylinder must be expressed as an incident field on the pth cylinder. This is accomplished by means of the Graf addition theorem 2 0 as follows:
where 6pq = kdpq.
Applying the boundary conditions at rp = a and solving for the scattering coefficients of the pth cylinder leads to pbn= bn exp(i~p cos 13) + in+' exp(in3) E pqB,,], (11) where pqB, (13) are the single-cylinder scattering coefficients. The corresponding results for the TE scattering case are pan = anexp(ibp cos 13) + in+' exp (in) : pqBn (14) where
where Ep = exp(i~p cos 1) and it is assumed that all summations have been truncated to 2M + 1 elements. The entries of the coupling matrix ' can be determined from Eqs. (11) and (12) . At this point the advantages of this approach are evident. The solution to Eq. (16) is given by
Thus the multiple-scattering problem for N cylinders reduces to a simple problem in linear algebra.
Ill. Numerical Solution Methods
Two common methods to solve Eq. (16) 
into Eq. (19), we find that
The steps of the iterative procedure can be deduced from Eq. The algorithm is an iterative procedure that is designed to solve the constrained least-squares problem:
and where qbn is replaced by qan in Eq. (12). Since Eq. (11) is linear, it can be written in matrix form as
where L is the vector of multiple-scattering coefficients, F is the vector of single-scattering coefficients, and the matrix 9 is called the coupling matrix, since it contains the multiple-scattering coupling information. For the TM case, L and F are defined as follows:
subject to
where
and O is a constant coefficient matrix that represents linear constraints on the unknown variables x. The vectors 1 and u provide the lower and upper bounds for the variables and the linear constraints. The two phases of the quadratic-programming method are:
(1) finding an initial feasible point by minimizing the sum of feasibilities, and (2) minimizing the quadraticobjective function within the feasible region. 2 2 For our problem we let G(x) = Eerr, where x = L, b = F, and = (>-s). The upper and lower bounds are set to infinity, and the general constraints matrix 0 is not used.
IV. Results
In Section II we considered the solution of the multiple-scattering problem for two polarizations of the normally incident wave: TM and TE. The calculation of the scattered field for a normally incident TM or TE wave can be performed by using the procedures described in Section III. Furthermore, for an arbitrary elliptically polarized wave the total scattered field can be calculated by summing the corresponding scattered vector fields. In this paper we consider the TM and TE wave cases separately.
For the TM incident-wave case, the first step in the numerical solution of the multiple-scattering problem for a planar array of dielectric cylinders is to generate the single-cylinder scattering coefficients in Eq. (13) . These values multiplied by the appropriate factor exp(bp cos 13) are the components of the vector F. The entries of the coupling matrix F are then determined from Eqs. (11) and (12) . For these calculations the Bessel functions of the first kind were found by using downward recursion. The Bessel functions of the second kind (the imaginary part of Hn') were found based on a special series expansion for small arguments. For moderate arguments an analytic continuation in the argument based on a Taylor series with special rational minimax approximations that provided starting values was employed. Finally, an asymptotic expansion was used for large arguments. 2 3 In Eqs. (6) and (7) the index n assumes values from -oo to o. To carry out the solution procedures discussed in Section III, the coefficient sequence for each cylinder must be truncated. For our investigation the number of singlescattering coefficients was selected by truncating the coefficient sequence after it had achieved a desired degree of convergence. The number of multiplescattering coefficients for each cylinder was then set equal to this number. The steps outlined here were also used to find the numerical solution of the multiple-scattering problem for the TE case.
As we mentioned above, the matrix inversion method fails as the matrixY -' becomes ill conditioned. However, during our studies of light scattering from dielectric cylinders, the coupling matrix became ill conditioned only when the specified degree of convergence of the single-scattering coefficient sequence was extremely small. For these cases the number of coefficients was large. Since the sequence of Bessel functions of the second kind diverges as n -> co, the matrix JY -&' was ill conditioned. However, after the number of coefficients was reduced, the matrix-inversion method produced an acceptable solution.
For several of the results presented here, abutting cylinders with ka values in resonance with natural moles are considered. The itoratjvo procedure d" verged under these circumstances. Moreover, even though the squared errors for the results generated by quadratic programming were substantially lower than the squared errors for the results generated by matrix inversion, the corresponding intensity plots of scattering from the cylinders were virtually identical. Since in general the quadratic-programming algorithm produced solutions with lower squared error Eerr, all plots are for results generated by it.
A. Scattering from Four Cylinders with End-On Illumination Owen et al.' 4 have shown that a dramatic change occurs in the internal field of a dielectric cylinder as the size parameter of the cylinder is varied. An interesting case for which coupling between two cylinders with ka in resonance with a natural mode was studied by Tsuei and Barber.' 5 At resonance the internal intensity of an isolated cylinder is an order of magnitude greater than the nonresonant case, and the intensity is concentrated at the surface of the cylinder. They found that for two abutting cylinders the resonant nature of the cylinders was damped.
For end-on illumination, Figs. 4 and 5 show the intensity patterns within and around four abutting cylinders with ka in resonance with a natural mode for TM and TE polarizations, respectively. Previous research' 4 for an isolated dielectric cylinder with an index of refraction of 1.53 showed that a third-order resonance of mode 53 occurs when the size parameter is 45.329 for TM illumination. A third-order reso- nance of mode 53 also occurs when the size parameter is 45.726 for TE illumination.' 4 The intensity patterns in Figs. 4 and 5 indicate that damping of the resonant nature of the cylinders occurs for four abutting cylinders. The internal and total-external intensities are given by IEtrI 2 and IE + tPoEsI 2 For our calculations the incident intensity has been set to unity. As a result of the symmetry about the direction of propagation for end-on illumination (13 = 00) and the fact that the cylinders are uniformly spaced, the multiple-scattering coefficients with positive indices are the same as those with negative indices. Therefore the number of entries in the coupling matrix F can be reduced by approximately a factor of 4. As expected, large-scale similarities are seen between the scattered intensity patterns for the two polarizations. However, as found by Abushagur and George 2 4 for a single cylinder, the fine structures of the scattered fields differ significantly. Figures 6-9 show that the resonant character of the cylinders is no longer damped when the cylinders in Figs. 4 and 5 are moved apart in the presence of end-on illumination. However, instead of the internal intensity of the first cylinder concentrating at the surface as previously shown for the two-cylinder TM case,' 5 Fig. 6 shows an intensity distribution throughout the first cylinder. For the TE case the results in Fig. 7 indicate that the damping effect is negligible for the first cylinder since large peaks are present near the fiber surface. The resonant nature of the fourth cylinder is not strikingly apparent in Figs. 6 and 7, possibly as a result of this cylinder being in the shadow of the first three cylinders. Figures 8 and 9 demonstrate the decrease in coupling between the cylinders as they are separated for the TM and TE cases, respectively. Once again, shadow effects are visible in Figs. 8 and 9 . in Fig. 11 . The intensity plot for the TM case that results from using the isolated-cylinder coefficients instead of the multiple-scattering coefficients is displayed in Fig. 12 . Comparing Figs. 10 and 12 , we see the effects of coupling even for broadside illumination. The coupling between the eight cylinders contributes both constructively and destructively to the intensity peaks. Consequently, the incident energy is spread evenly between the intensity peaks.
C. Scattering from an Infinite Array of Abutting Cylinders
The intensity distribution on the shadow side of a single fiber from an optical-fiber sheet composed of an infinite number of abutting glass fibers with diameter 25 ,um (ka = 124) for TM illumination is shown in Fig. 13 . Since the fiber sheet is infinite in extent, the multiple-scattering coefficients for each fiber are identical and the coefficients with positive indices are the same as those with negative indices. During our investigation, we observed that contributions from fibers more than 10 diameters away added little to the scattered field by a fiber of the array. Thus, for Fig. 10 except that the isolated-cylinder coefficients were used instead of the multiple-scattering coefficients.
away were ignored. Furthermore, we assumed that the kz axis was the axis of the infinitely long fiber.
On the shadow side of the fiber a pair of intensity peaks along the kx axis and two clusters of intensity peaks near the surface of the fiber are observed in Fig.  13 . This result disagrees with the single intensity peak of the cylindrical lens model. Moreover, the intensity region composed of these peaks is relatively large in comparison to the fiber width. For a slit grating the number of evenly spaced, uniform intensity peaks in the far-field intensity pattern decreases as the slit width is increased. In the same manner the number of uniform intensity peaks in the intensity pattern for a fiber grating decreases as the width of the intensity peaks increases. Therefore significant roll-off of the intensity peaks in the diffraction pattern will be observed for a fiber sheet composed of glass fibers with a diameter of 25 ptm. An exact method of calculating the far-field intensity pattern for a fiber grating is currently under development.
VI. Conclusions
Following a method originally developed by Olaofe, we have shown that the multiple-scattering problem for N cylinders reduces to a simple problem in linear algebra. For cylinders with size parameter ka in resonance with a natural mode both direct matrix inversion and a quadratic-programming algorithm may be used to calculate the multiple-scattering coefficients. Since in general the squared error was substantially lower for solutions generated by the quadratic-programming algorithm, all results were generated by this method. We have presented calculations for multiple scattering by four cylinders with end-on illumination. The results demonstrated damping of internal resonance features similar to previously published results for two cylinders. Furthermore, we have presented results for scattering from eight unequally spaced, parallel dielectric cylinders with broadside illumination. Because of coupling between the cylinders, the incident energy was spread evenly between the intensity peaks behind the array of cylinders. Finally, the near-field intensity pattern for an infinite array of abutting cylinders was shown. On the shadow side of a cylinder from the array a pair of intensity peaks along the kx axis and two clusters of intensity peaks near the surface of the cylinder were observed instead of the single intensity peak that is predicted by the cylindrical lens model. Considerably further research is needed to calculate the exact far-field intensity pattern for an infinite array of abutting cylinders.
